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830 A1 Apparently Maki’s analysis in its present form
does not apply to our films.

The observed dependence of the transport entropy on
film thickness does seem to corroborate our earlier data.
If indeed Pb at 4.2 K behaves like a type-II super-
conductor for films thinner than 1.5 um, then it is not
surprising that S,/¢ is reduced. This behavior is likely
attributable to the increased interactions between the
closely spaced vortices.”

IV. CONCLUSIONS

The present experiments on the Ettingshausen effect
confirm our earlier results from Nernst effect measure-
ments that the transport entropy per unit length and
per unit flux, .S,/¢, decreases with decreasing film
thickness below a critical thickness value. This behavior
can be understood through the increasing vortex interac-
tion in very thin type-I films. For the 3.16-um film,
sufficiently below H., S,/¢ is very close to the value
calculated from simple thermodynamic arguments,
whereas for the 0.75-um film it is considerably reduced.
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* Based on work performed under the auspices of the U.S.
Atomic Energy Commission.
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Arguments are presented to resolve experimental discrepancies with the theory of photon-assisted tun-
neling. A standing-wave model is suggested as a more realistic picture of the rf fields in a thin-film tunnel
junction. By including the effects of this model in the theories of Tien and Gordon and of Werthamer,
we obtain qualitative agreement with data on both the Josephson effects and the photon-assisted tunneling
effects in the same junction. In an experiment with a junction sufficiently small to maintain a uniform
rf field, we find excellent agreement with the unmodified theory. The low-frequency equivalence of the
photon-assisted tunneling phenomenon and classical rf detection is also pointed out and used to demon-
strate that the magnitude of the rf voltage appears correctly in the theory. We conclude that the Werthamer
theory of rf-induced effects in superconducting tunnel junctions is on very firm experimental ground.

I. INTRODUCTION

It is well known that the current-voltage (I-V) char-
acteristic of a superconducting tunnel junction is
modified in the presence of an applied rf field. Constant-
voltage steps arise from the interaction of the rf field
with the ac Josephson current. In addition, the back-
ground curve is modified by a series of rounded steps
caused by rf effects on the quasiparticle tunnel current.
In this paper we present arguments to explain experi-
mental discrepancies with the theory of the quasi-
particle effects. Werthamer! has shown that the ac
Josephson currents and the quasiparticle tunnel cur-
rents are intimately related in theory. We demonstrate
this relationship experimentally and thus support our
conclusions with data on both of these effects.

Observation of the quasiparticle steps, often called
photon-assisted tunneling steps, was first reported by
Dayem and Martin.? These steps in the I-V curve are
spaced at voltage intervals of 4f/e up and down from
the superconducting energy-gap voltage and may be
thought of as arising from multiphoton emission and
absorption processes. Each step is a sharp increase in
current and has the same shape as the current increase
at the energy-gap voltage 2A/e in the undisturbed I-V
curve. This phenomenon was first explained quantita-
tively by Tien and Gordon.® Their result is based on
the assumption that the effect of the microwave field
is a sinusoidal modulation of the bias voltage across the
junction. Their analysis correctly predicts the voltages
at which steps should appear and indicates that the
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current magnitude of each step should vary as the
square of a Bessel function (J,2) whose argument is
proportional to the rf voltage. A detailed analysis by
Werthamer! has verified the Tien-Gordon result and
shown that the rf-voltage dependence of the ac Joseph-
son steps and the photon-assisted tunneling steps arises
from the same term in the microscopic theory (namely,
the time-dependent phase difference across the junc-
tion). Since the predictions for the rf-voltage depend-
ence of the ac Josephson effect have been verified in
point-contact junctions,* as well as in thin-film junc-
tions at low frequencies,® we expect the theory also to
be correct in the case of photon-assisted tunneling steps.

Two important discrepancies have been reported be-
tween experimental results and this theory. First, the
observed rf-voltage dependence of the steps does not
follow the J,? form; second, the predicted value of rf
voltage required to observe the effect is about two
orders of magnitude greater than the estimated rf volt-
age in the experiment.? 7

Using tin-oxide-tin thin-film junctions, we have stud-
ied the rf-voltage dependence of both the Josephson
and quasiparticle steps. These steps have been observed
with high resolution by using a combination of a low
temperature, T=1.3°K, a high frequency, f=70 to 80
GHz, and derivative techniques in which junction re-
sistance or conductance is plotted versus voltage or
current. This high resolution enabled us to observe and
measure the rf-voltage dependence of as many as 413
quasiparticle steps in a single sequence. One sequence
of steps associated with the positive gap voltage is thus
seen to extend through the origin and overlap the steps
arising from the negative gap voltage. These experi-
ments have shown that with increasing rf voltage the
quasiparticle steps appear in order, each step rising
sharply to a maximum and then decreasing gradually.
This result is in agreement with the general form of the
rf-voltage dependence reported previously but clearly
in contrast to the predicted J,? dependence, since there
are no points in the experimental data where the step
magnitudes go through zeros.

We propose that this problem can be resolved by
including the effects of a standing-wave rf-voltage vari-
ation across the tunnel junction. We show that this
assumption modifies the predicted Bessel-function rf-
voltage dependence of both the ac Josephson steps and
the quasiparticle steps in a way which is consistent with
experimental observations. We have also performed
experiments on junctions too small to have an rf-
voltage variation and found excellent agreement with
the unmodified theory.

The second point to be resolved concerns the magni-
tude of rf voltage across the junction required to ob-
serve the quasiparticle steps. Previous estimates of this
voltage have been made by integrating the undisturbed
electric field in the vicinity of the junction over a dis-
tance equal to the oxide barrier thickness.®%8 Such a
calculation ignores the very large perturbation on the
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electric field caused by the presence of the junction.
In fact, the resonantlike structure indicated by our
standing-wave model suggests that the field in the
junction may be very much larger than the external
field.

Further light is shed on this question by examining
the behavior of the quasiparticle steps at low frequen-
cies. Such experiments® have not shown resolved steps
but instead a gradual smoothing of the 7-V curve when
rf power is applied. This kind of behavior is commonly
associated with classical rf detection.? We show that
the Tien-Gordon expression reduces exactly to classical
rf detection at low frequencies. This verification of the
Tien-Gordon result in the low-frequency limit strength-
ens our confidence in the theory and demonstrates that
the magnitude of V¢ required by the theory must be
correct at low frequencies. To demonstrate this point
we performed an experiment at a frequency sufficiently
low that V. could be measured directly. As expected,
our data using a measured V,; follow the theory exactly.
We thus conclude that the magnitude of V,; appears
correctly in the theory and that previous reports to the
contrary are the result of the improper methods used to
estimate Vyy.

In Sec. IT we describe our experimental procedures.
In Sec. ITI we present the standing-wave model and its
experimental justification. The low-frequency equiva-
lence of the Tien-Gordon expression and classical rf de-
tection is demonstrated and discussed in Sec. IV. In
Sec. V we summarize our conclusions and discuss them
with respect to other contributions in the field.

II. EXPERIMENTAL PROCEDURES

All of our experiments used tin-oxide-tin thin-film
junctions. The samples were prepared in a conventional
diffusion-pump evaporator using a liquid-nitrogen baffle.
Most test runs employed two cross-type junctions,
about 0.1 mm square made on a 0.25X0.50X 0.010-in.-
thick substrate.

Before evaporation the substrate was cleaned in a
glow discharge for about 15 min. In order to make four
separate evaporations without opening the system to
the atmosphere, the substrate was mounted directly
under a rotating mask. Each 20° segment of the mask
contained one of the four patterns used to make the
completed sample. These were (i) two parallel strips of
tin with (ii) thick Cerroseal (659 indium, 359, tin)
connection pads and (iii) a crossing Z-shaped strip of
tin with (iv) its connection pads. A single tungsten boat
was used as a source for all evaporations. Film thick-
ness (typically 700 &) was controlled by loading the
boat with a measured quantity of metal and evaporating
to completion. Evaporation time was 10-15 sec at a
maximum pressure of 6)X 10~ Torr. Substrate temper-
ature during evaporation was —20°C. This low temper-
ature substantially reduced secondary evaporation from
the substrate surface, thus improving continuity and
edge sharpness. The oxide barrier was formed by warm-
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Fic. 1. Oscilloscope trace of the I-V curve for a typical 0.1-Q
superconducting tin-oxide-tin junction.

ing the substrate to 20°C and exposing the tin film to
a glow discharge in pure dry oxygen at 0.12-Torr pres-
sure for about 40 sec. Oxidation for longer times did not
significantly increase the junction resistance and seemed,
in fact, to cause microshorts in the barrier. Total
sainple-preparation time was about 1 h.

I-V curves were measured using the conventional
four-wire connection with a constant-current drive.
Dynamic resistance (dV/dI) measurements were made
by inserting a small ac constant-current signal onto
the dc-bias current. A lock-in amplifier tuned to the ac
frequency was used to detect the corresponding ac
signal in the junction voltage. This signal was directly
proportional to dV/dI. Conductance (dI/dV) was sim-
ilarly measured by using a low-impedance (constant-
voltage) drive and detecting the ac component of junc-
tion current.

Typical junction resistance was 0.1 @ measured at
1.3°K. It is important to note that in spite of the four-
wire measuring system, film resistance over the area of
the junction will cause incorrect measurements of tun-
neling resistance (sometimes even negative) unless the
films are entirely superconducting.?

The substrate was mounted in a slot across an M-
band (0.148X0.074 in.) waveguide such that the E
field (for the TEy; mode) was perpendicular to the
plane of the junctions. The waveguide was terminated
with an adjustable short so that the field pattern in the
vicinity of the junction could be adjusted to maximize
coupling. A precision attenuator provided a measure of
the relative power level. Reflex klystrons at 20, 70, and
80 GHz were used as rf sources. For the experiments
at 20 GHz a similar rig was employed with the junction
mounted across X-band (0.9X0.4 in.) waveguide.

The substrate and its microwave mounting were im-
mersed directly in the liquid helium. All of our data
were taken at a temperature of about 1.3°K, which
could be obtained by pumping on the helium bath with
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a mechanical pump. In this temperature range we did
not find our results to be particularly temperature
sensitive, although resolution generally improved with
decreasing temperature.

A magnetic field could be applied parallel to the
plane of the junction by a coil outside the Dewar. A
small field was used to study the junction self-resonant
structure (Fiske modes). A somewhat larger field
(20 G) was often used to quench the.ac Josephson
effects when it was desirable to study only the effects
of the quasiparticle tunnel current.

An oscilloscope trace of a typical 7-V curve is shown
in Fig. 1. Junction resistance R is measured from the
slope of the curve at voltages greater than the gap
voltage 2A/e. The lack of any significant current at
lower voltages is an indication of the absence of micro-
shorts or other nontunneling processes. The dc Joseph-
son current (spike at zero voltage) is about 809, of the
maximum theoretical value of 7A/2eR. The effect of
the constant-current drive is also clear from the switch-
ing points at =0 and at the ends of the dc Josephson
current. Further experimental detail is given when our
data are presented.

III.-STANDING-WAVE MODEL

A. Experiment and Theory Compared

The photon-assisted tunneling steps were first ex-
plained qualitatively by Dayem and Martin.? In their
model, an electron in one superconductor with an en-
ergy hf less than the lowest available state in the other
superconductor can absorb a photon from the micro-
wave field and tunnel through the barrier. This new
current-carrying process begins at a threshold energy
equal to the gap energy less the energy of one photon
and consequently gives rise to a step in current at the
corresponding voltage. The tunneling current at this
threshold voltage is greatly enhanced by the peak in
the density of states at the energy-gap edge. The series
of steps at 2A/estnhkf/e is similarly explained in terms
of multiphoton emission or absorption processes.

The quantitative calculation made by Tien and
Gordon?® assumed that the voltage across the junction
in the presence of rf could be written

V="Vaec+ Vs cosuft. (1)

This time-dependent potential is used as a modification
of the Hamiltonian for states on one side of the junc-
tion. Their analysis leads to a new effective density of
states which is a function of V,;. The resulting tunnel
current is

Idc(Vdc)"__ Z Jn2(eVrf/hf)IO(Vdc+nhf/e)1 (2)
where Iy(Vy4.) is the usual tunnel characteristic for a
superconducting diode and J, is the Bessel function of
order #.
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As a result of the peak in the superconducting den-
sity of states at the energy-gap edge, Io(Vq.) has a
large step in current at the gap voltage 2A/e. The
width of this step for a typical tin-oxide-tin junction is
about 60 uV. We therefore define high frequency to be
such that #f/e>60 uV. Thus for “high” {requencies
(15 GHz and up), Eq. (2) predicts a series of steps in
the 7-V curve spaced at voltage intervals of 4f/e up
and down from the gap voltage. Each of these steps
results from the addition of a new current-carrying
channel and is a reflection of the step at V'=2A/e in
the undisturbed I-V curve, I4(Vq.). Equation (2) in-
dicates that the height of these steps in current should
vary as Jn2(eV.i/kf).

Using the assumption of Eq. (1), the detailed micro-
scopic theory of Werthamer! also yields an expression
for the dc junction current in the presence of an applied
rf field. His analysis includes both the Josephson effects
and the quasiparticle effects. In the case of the quasi-
particle effects the result is identical to Eq. (2). Since
both Werthamer and Tien and Gordon based their
calculations on an oscillating potential in only one super-
conductor, their procedure appears to be asymmetric.
However, Biittner and Gerlach! have recently shown
that the same result may be obtained from a sym-
metrical treatment of the rf voltage.

Ignoring the frequency-dependent terms, which are
not important in our experiment, Werthamer’s result
for the ac Josephson steps is given by

Tao(Vao) =10(0) 3o | Tu(2eV e/ ) | 5(Vaomnhf/2e),

3)

where I4.(0) is the dc Josephson current and § is the
usual & function. This equation describes the spacing
and rf-voltage dependence of the well-known ac Joseph-
son steps first observed by Shapiro.”? It is important to
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Fi16. 2. X-V recorder plot of a tunnel-junction 7-V curve with
and without applied radiation at 69 GHz.
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Fi1c. 3. I-V curve and its derivative R=dV /dI versus V for a
junction exposed to 69-GHz radiation at a high power level. The
arrows point to the resistance minima of steps associated with
the positive gap voltage.

our development because observation of the ac Joseph-
son steps provides another measure of V..

We can now turn our attention back to the photon-
assisted tunneling steps. Figure 2 shows a typical I-V
curve for a tin-oxide-tin junction with and without an
applied rf field at 69 GHz (if/e=0.285 mV). A mag-
netic field has been used to suppress the Josephson
current and the associated rf-induced steps. In the
presence of rf, two photon-assisted tunneling steps are
visible above and below the gap voltage. Figure 3 is a
similar -V curve and its derivative at a higher rf
power level. The two overlapping series of steps associ-
ated with the positive and negative gap voltage are
clearly visible in the derivative curve.

Several methods have been used to measure the
height in current of the quasiparticle steps as a function
of rf voltage. If the steps are sharply defined, their
height may be measured by taking the vertical dis-
tance at the step voltage between tangent lines to the
I-V curve just above and below the step. For poorly
resolved steps the height may be measured as the width
of the resistance dip in a plot of dV/dI versus I. A
third method was used for experiments at 20 GHz,
where we estimated step heights from the magnitude
of the conductance peaks in a plot of dI/dV versus V.
All values of step height are normalized to the height
of the step at the gap voltage (#=0) with V;;=0. The
relative value of V. is computed from the precision
attenuator reading (in dB) and all values are multi-
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plied by a single constant C to obtain a best fit to the
theory, i.e., V,i=CX10—@B/20),

In Figs. 4(a), 4(b), and 4(c) the points indicate
current-step magnitudes measured from the 7-V curves
for the n=0, 1, and 2 steps, respectively, in a 0.1-mm-
square junction exposed to 80-GHz radiation. The ex-
perimental behavior is clearly contrary to the squared
Bessel-function V¢ dependence of Eq. (2) (shown as
the dashed line) because there are no points in the
experimental data where the step currents go through
Zeros.

B. Standing-Wave Model

We propose that the explanation for this lies in the
fact that there is a spatial variation of the rf voltage

across the junction. Since the penetration depth in the
films (A=~500 &) is very much greater than the barrier
thickness (/=10-20 &), the electromagnetic wave in
the junction exists mostly in the metal. The consequent
inductive loading leads to a drastic reduction in the
wave velocity given by

e=c[l/e(2x+1)]7, (4)

where e is the effective dielectric constant in the oxide.
Using e=35, Eq. (4) leads to a wavelength of about
0.17 mm at a frequency of 80 GHz. Thus, as indicated
at the top of Fig. 5, even though our junctions are much
smaller than a guide wavelength (=~4 mm), they will
have a spatial variation of V¢ which is about one-half
wavelength long.
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This conclusion is supported by observation of the
junction self-resonant modes, frequently called Fiske
modes." In the presence of a small magnetic field, these
modes are excited by the ac Josephson current and
appear as constant-voltage steps in the I-V curve. In
our 0.1-mm-square junctions these modes are spaced
at 50-100 GHz, indicating a half-period field variation
in this frequency range. _

As a result of the large impedance mismatch between
the junction and the surrounding structure, we expect
a large reflection at the boundaries, thus giving rise to
standing waves. Although he did not analyze this case,
Werthamer has also pointed out the validity of the
standing-wave model as the correct picture of rf fields
within thin-film junctions. The standing-wave pattern
at the bottom of Fig. 5 indicates this model of the spa-
tial variation of rf voltage in our junctions. It is a one-
dimensional standing-wave pattern one-half wave-
length long with a fairly high voltage standing-wave
ratio (VSWR). We choose this simplified model for
what is in reality a complicated field problem, since it
includes what is physically essential.

Using this model, the current can be calculated by
converting Eq. (2) to an integral over the spatial varia-

X — L=0,Imm

DISTANCE ACROSS JUNCTION

tion:

Iie(Vae)= 2. L™

n=—00

X f C T eV at(X) WX T (Vb ni/e).  (5)
0
V(X)) is given by

Vet(X) =Vl (14p)?—4p sin*(xX /L) ]2, (6)
where L is the width of the junction and the reflection
coefficient p is given by p=(VSWR—1)/(VSWR+1).

The solid lines in Figs. 4 are calculated from Egs. (5)
and (6) using a VSWR of 5. As expected, the effect
of the integration in Eq. (5) is a smoothing of the
Bessel-function curve, and for any VSWR greater than
1 has the effect of removing the zeros from the V¢
dependence. The exact form of our calculated curve
depends on the assumed VSWR but is not sensitive to
the number of wavelengths in the standing-wave pat-
tern. Experimentally the VSWR is very difficult to
determine, and thus we are primarily concerned with
qualitative agreement. With this in mind, it is clear
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Fi1c. 6. Photograph of a very small overlap junction.

that the general form of Eq. (5) is in agreement with
the data. Although our results are shown only for
orders 0, 1, and 2, by using derivative techniques we
have observed similar agreement up to the 11th order.

A similar analysis can be applied to the rf-induced
steps arising from the ac Josephson effect. When the
Jn dependence of the ac Josephson steps in Eq. (3) is
integrated over the spatial variation of Eq. (6), the
result is again a smoothing of the curve with the dis-
appearance of the periodic zeros. In contrast to the
quasiparticle steps, the ac Josephson steps are constant
voltage and thus have a sharply defined height in a
I-V curve. Unfortunately, as the I-V curve is traced
out, it is not possible to know whether a step attained
its maximum value before the current switched to the
background curve. In spite of this difficulty, measure-
ments of the ac Josephson steps from the same set of
I-V curves used to plot the data of Figs. 4 show their
V.s dependence to be consistent with the standing-wave
model. With increasing rf voltage, the steps appear in
order, varying in magnitude but definitely not showing
the periodic oscillation indicated in Eq. (3). Further,
the order of appearance of both the quasiparticle steps
and the Josephson steps is consistent with the same
value of Vi i.e., we always observe about twice as
many Josephson steps as quasiparticle steps. This is a
result of the factor-of-2 difference in the arguments of
| Jn | for the Josephson steps and J,2 for the quasipar-
ticle steps.

C. Small-Junction Experiments

If similar measurements are made on a junction
which is not large enough to support a standing-wave
pattern, then Eq. (2) should correctly describe the V4
dependence of the quasiparticle steps. We have per-
formed such an experiment on a very small junction
at 20 GHz (4f/e=0.083 mV) and found this prediction
to be correct. This small junction was made using an
in-line geometry where a sharp point of evaporated
material just barely overlaps the edge of the second
thin film. The oxide barrier was prepared as before.
Figure 6 is a photograph of the junction used in this
experiment.

HAMILTON AND S.
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A lower frequency, 20 GHz, was used to improve the
uniformity of Vs across the junction. Since this fre-
quency is near the limit of resolution of the quasi-
particle steps, it was necessary to use derivative tech-
niques to measure the V;; dependence of the various
steps. Portions of these derivative curves (dI/dV versus
V) at six different values of V.t are reproduced in
Fig. 7. The scale divisions indicate the voltages at
which the steps appear and the V¢ values are estimated
by comparison with Eq. (2). Thus, with V,;=0, we
see only the =0 step, which is represented by the
large peak in conductance at the gap voltage, V=
2A/e=1.17 mV. For V;1=0.105 mV, the »=0 step has
decreased and the n=1 step is coming to a maximum.
At V:4=0.166 mV, the conductance peak for the n=0

rij Ve ©
;o
} V,¢* 0.105

V,§=0.166

} Vee=0.313

llllrf'

S

VOLTAGE (mV)
1.087 .17 1.253 1336 1.420 1503
n= - o I 2 3 a

F1c. 7. Portions of the derivative curves dI/dV versus V for
six different values of V.. The arrows indicate the positions of
the quasiparticle steps.
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r=0, 1, 2, and 3 steps as a function of Vs The
data points are for the very small junction of
Fig. 6.

NORMALIZED STEP AMPLITUDES

step is missing and the #=1 step has reached a maxi-
mum.

In order to compare this behavior directly with Eq.
(2), we have estimated the magnitude of the conduct-
ance peaks and fitted these data to the J,? curves using
the same procedure as for Figs. 4. The results for the
n=0, 1, 2, and 3 steps are shown in Fig. 8. The arrows
on the V¢ axis correspond to the derivative curves of
Fig. 7. In view of the measuring procedure the agree-
ment is excellent. In particular, the positions of the
maxima and zeros agree well with the theory.

This same junction was also exposed to 80-GHz
radiation. At this higher frequency the behavior of the
quasiparticle steps was similar to Figs. 4, indicating
the existence of standing-wave variations.

DS

s .8
Vrf (mv)

A similar result has been obtained by Longacre and
Shapiro®® from experiments on point-contact junctions.
Their data at 73 GHz show the V,; dependence of both
the ac Josephson and the quasiparticle steps to be con-
sistent with Eqgs. (2) and (3). The small area inherent
in point-contact junctions permits the use of very high
frequencies without exciting standing-wave modes.

D. Summary

We have found, in common with prior work, that
experiments at high frequencies with conventional tun-
nel junctions yield results for the rf-voltage dependence
of photon-assisted tunneling steps that disagree with
theoretical predictions. These discrepancies vanish when
the theory is modified to take into account the stand-
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Fig. 9. I-V curves with and without an applied rf field at 200 Hz.

ing-wave rf-voltage variations which exist in these
junctions for high frequencies. To avoid such standing
waves, we have carried out a similar experiment with
a very small area junction and have found excellent
agreement with the unmodified theory.

IV. CLASSICAL rf DETECTION

In this section we consider the relationship between
experimental and theoretical values of Vs Since, in
general, it is not possible to measure V¢ in a microwave
experiment, values of V. have been determined by
fitting experimental results to a theoretical expression
such as Eq. (2). In the previous work,*¢# this led to
values of V,; which were from one to two orders of mag-
nitude greater than the value of V¢ calculated from
the known microwave field in the vicinity of the junc-
tion. In these experiments the junction was located in
a microwave cavity. Our experiments place the junc-
tion across a terminated waveguide. In either case,
Werthamer! has pointed out that the rf voltage across
the junction cannot accurately be estimated by taking
the rf voltage across an equivalent section of waveguide
or cavity. The existence of standing waves in the junc-
tion supports this conclusion and suggests that the rf
voltage across the junction may actually be consider-
ably greater than previously estimated.

Further support for the theory can be gained by
examining Eq. (2) at low frequencies (4f/e<60 uV)
where the original 7-V curve is smooth with respect to
voltage increments of %f/e. For most superconducting
tunnel junctions this means anything less than about
15 GHz. For these frequencies the individual step
structure is not resolved and the detailed V,; depend-
ence of individual steps cannot be studied. Instead, the
I-V curves show a gradual smoothing as rf power is
applied. For this case we now demonstrate that Eq. (2)
reduces to the equation of classical rf detection.

AND S. SHAPIRO 2

Letting a=eV,i/hf, the assumption of low frequency
implies that « is large and Eq. (2) may thus be written
in integral form:

Teo(Vao) = f_ * 1)L (VactnVag/a) dn. (7

Since the value of J,*(«) decreases very rapidly for
n>a, the limits of integration may be changed to +a.
Also, for large values of a, Eq. (7) is not sensitive to
the oscillations of J,2(a), but rather to the average
value of J,2(a) over a small range of n. We define this
average value as

n+4n
(T 2(e) Jav= [ T@)dn,  1<AnKe. (8)

7—An

With these two approximations Eq. (7) becomes
L(Va)= [ T@)alo(VactaVia/a) dn. (9)

Using standard asymptotic approximations? for J,2(a)
over the relevant ranges of 7 and o, it is easily shown

that

(It (@) yav= (ma)™"[1— (n/a)*]2. (10)
Let 8=7/a and substitute (10) into (9):
Tae(Vae)=n"" /_jl (1=p)2Ly(Vaet-VesB) dB.  (11)

Make the change of variable
do= (1—§*)7" dg,
which implies that 8=siné, and Eq. (11) becomes

T

/2
Tao(Vae)=m"1 | Io(VaetVissind) dg.  (12)

—/2

This is the equation of classical rf detection. Computer
studies comparing Eqgs. (2) and (12) have shown agree-
ment to better than 19, for all @ when the frequency is
5 GHz and I is a typical experimental 7-V curve. The
agreement improves rapidly as frequency decreases.

This analysis is significant because it shows the theory
to be correct in the limit of low frequency. To further
demonstrate this point we performed an experiment at
200 Hz where the value of V. could be directly meas-
ured. The 200-Hz “rf” was applied to the junction
leads and V;; measured directly on a scope. For this
experiment a 0.01-Q shunt across the junction provided
an essentially constant-voltage drive. The dc I-V curve
was plotted on an X-Y¥ recorder with a 2-Hz band-
width. With V¢ set at 0.6 mV we adjusted the dc bias
to obtain a series of points. Figure 9 shows the theoret-
ical curve for V,s=0.6 mV and our experimental points.
The base curve I,(V) is also shown for clarity. The
excellent agreement is expected.

The fact that Eq. (2) has been shown to be correct
in the limit of low frequency gives further support to
our contention that the V,: dependence of Eq. (2) is
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correct at all frequencies. The reported discrepancies
of one or two orders of magnitude between experimental
and theoretical V.¢ values must be attributed to the
procedures used in estimating V.

V. SUMMARY AND CONCLUSIONS

In this section we summarize our results and comment
on other contributions in the field. We have presented
four main points: (a) A standing-wave model is pro-
posed as a modification of the existing theory in order
to explain the Vs dependence of the photon-assisted
tunneling steps. (b) Simultaneous measurements of
both the ac Josephson steps and the quasiparticle steps
for the same junction are consistent with this standing-
wave model. (c) In very small junctions with no spa-
tial variation of the rf voltage, the V.; dependence of
the quasiparticle steps is in excellent agreement with
the original theory. (d) The theory of the quasiparticle
steps reduces exactly to classical rf detection in the
limit of low frequency.

Cook and Everett® were the first to report in detail
on the V,; dependence of the step-current amplitudes
in photon-assisted tunneling. Their data parallel ours
in that the step currents did not follow the theoretical
J.2 dependence. To explain this result they have made
a modification of the theory which in effect makes the
location of the zero of potential an important physical
parameter. Their analysis leads to a V,; dependence
qualitatively similar to our standing-wave result and
thus is in reasonable agreement with experiment. We
reject their argument for three reasons. First, it cannot
explain the J,? dependence we observe in very small
junctions. Second, their result does not reduce to clas-
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sical rf detection for low frequencies, and finally Biittner
and Gerlach! have shown that by properly symmetriz-
ing the analysis the result is independent of the zero of
potential.

In a recent paper, Teller and Kofoed” have reported
excellent agreement with the Cook-Everett analysis.
Again, we believe that this agreement is fortuitous and
we suggest a comparison of these data with Eq. (5).

Sweet and Rochlin® have carried out low-frequency
experiments with tin-oxide-tin junctions at 3.9 GHz.
By fitting V,; at one point, they obtained excellent
agreement with Eq. (2). In this frequency range, Egs.
(2) and (12) are the same and such excellent agreement
is to be expected. This experiment is not fundamentally
different from our experiment at 200 Hz except that in
our case a measured V¢ was used. They also criticize
the applicability of Eq. (3) to their data for the zero-
voltage Josephson current because the V¢ required to
fit the first zero from Eq. (3) (#=0) correlates poorly
with the V¢ required to fit their -V curves to Eq. (2).
To rely thus on one datum as an important test of the
theory is clearly hazardous, especially in view of the
well-known susceptibility of the zero-voltage current
to microshorts. Our data, as well as those of Longacre
and Shapiro,’® include the behavior of many steps,
rather than just the »=0 step, and strongly indicate
the validity of Eq. (3) as well as its proper correlation
with Eq. (2).

Finally, we are led by all the evidence to conclude
that Werthamer’s theory of rf-induced effects in super-
conducting tunnel junctions is on very firm experi-
mental ground provided the theory is extended to in-
clude, where appropriate, the effects of spatial rf-voltage
variation.

* Work supported by the National Science Foundation under
Grant No. GK-10562.
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Fic. 1. Oscilloscope trace of the I-V curve for a typical 0.1-Q
superconducting tin-oxide-tin junction.
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F16. 6. Photograph of a very small overlap junction.



